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secondary, viscous, curved-pipe flow as a possible means of
better understanding cascade flow.
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Hydrodynamics of Tire Hydroplaning

C. 8. MARTIN*
Georgia Institute of Technology, Atlanta, Ga.

Tire hydroplaning is treated theoretically solely from a hydrodynamical standpoint. Curved
planing surfaces of arbitrary shape are incorporated in the theory to simulate the wetted
portion of a hydroplaning tire. The fluid is assumed to be ideal and to be undergoing irrota-
tional, two-dimensional motion. The lift force on the planing surface and the pressure dis-
tribution on the runway surface are compared with experimental results of NASA. For the
initial lift-off condition of incipient hydroplaning the lift coefficient from the theory is 0.8.

The corresponding experiment value is 0.7.

The pressure distribution on the runway surface

from theory compares favorably with experiment both in shape and in magnitude.

Nomenclature

a = location of point F in ¢ plane

A = characteristic area in equation for lift force

Ao, An = Euler coefficients for Fourier series

b = location of point D in ¢ plane

B = complex constant

Cy = lift coefficient

Cri = lift coefficient corresponding to incipient hydro-
planing

Cp = pressure coefficient (p — po)/(pU2%/2)

d = resulting water depth downsfream from tire

D = initial water depth on runway

(1), g(¢1) = arbitrary functions that deseribe planing: surface

Fr = lift force on tire or planing surface

h = clearance between planing surface and runway
surface

7 = (—1)12

k = elliptic modulus of Jacobian elliptic function

K = complete elliptic integral of first kind

K’ = associated complete elliptic integral of first kind

l = totallength of planing surfac

n = 1,23,... :

P = fluid (water) pressure at a point

Pi = tire-inflation pressure

Do = reference fluid pressure
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Jacobi’s nome (e—7K'/K)

intermediate complex plane

horizontal and vertical velocity components, respec-
tively

translational speed of tire or speed of jet

total fluid velocity at a point

complex-potential (¢ + )

auxiliary complex-potential (¢, + 7¢:)

horizontal and vertical coordinates, respectively

physical plane (z + y)

angle of fluid velocity vector

complex velocity (1/U)(dw/dz)

eta function of Jacobi

angle flat plate makes with approaching jet

theta funection of Jacobi

parameter used to describe planing surface

mass density of fluid

parameter used to describe planing surface

velocity potential

auxiliary function

stream and auxiliary functions, respectively

logarithm of complex velocity, In{(1/U)(dw/dz)]
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Introduction

HE planing of an aircraft tire on a flooded pavement

is well known to pilots. The phenomenon is called tire
hydroplaning, as it results from the water pressures developed
between the tire and pavement surface. Hydroplaning
occurs for an aircraft tire at the instant the total hydro-
dynamic foree is equal to the load on the individual wheel.
The tire then actually loses contact with the runway surface
and essentially skis on the water. The preponderance of
the experimental work concerning this phenomenon has been
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conducted by the personnel of NASA Langley Research
Center. A summary of some of their more recent work is
presented by Horne and Dreher.! The purpose of this paper
is to explain tire hydroplaning purely from the standpoint
of hydrodynamices.

Theory

The theory is based upon an ideal, incompressible fluid
undergoing two-dimensional wmotion. Only the wetted
portion of the tire and the hydrodynamics associated with it

“are considered. The wetted portion of the tire is simulated
by a planing surface that is assumed to be inelastic and of
arbitrary shape and length. For mathematical convenience
the unsteady-flow problem of tire hydroplaning is trans-
formed into a steady-flow problem by changing the reference
coordinates to the translating wheel. The dynamically simi-
lar problem is one of a jet of water striking a stationary curved
surface, which simulates only the wetted portion of the tire.
The steady-flow counterpart to tire hydroplaning is shown
in Fig. 1. The jet approaching the planing surface at ve-
locity U is of infinite width and of depth D. The planing
surface is assumed to be arbitrary in shape and fixed in posi-
tion such that the clearance h between the runway and point
C can be specified. Whenever the clearance is not zero, the
tire is said to be undergoing total hydroplaning. If ~ = 0
the tire is said to be undergoing only partial hydroplaning,
as it is still in contact with the runway surface. The elas-
ticity of the tire and the weight of the vehicle are not ex-
plicitly nor directly included in the theory. The tire is
assumed to be deformed out of its original circular shape, but
no attempt is made to effect a dynamic balance between
hydrodynamie force, air-inflation pressure, tire elasticity, and
centrifugal effects.

By assuming irrotational flow the velocity potential ¢ may
be defined by

V=ve¢ @®

in which V is the total velocity at any point. In terms of
rectangular coordinates x and y, v = 0¢/0x and v = 3¢/y,
in which « and v are the horizontal and vertical components
of the total velocity, respectively. The stream function
is defined by u = 0¢/0y and v = —0y/0x. The theory
of complex variables is applicable for this two-dimensional
irrotational flow. The physical plane shown in Fig. 1 is
defined by

2 =1+ iy 2)
The complex-potential plane defined by
w=¢ + 1y &)

is shown in Fig. 2. The complex velocity in dimensionless
form is expressed by

= g1 (4)

C
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h

Fig. 1 =z or physical plane.
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Fig. 2 w or complex-potential plane.

is defined by
6 = tan"'(v/uw) (5)

The complex velocity constitutes the hodograph plane.
The function

Q =Inf = In(V/U) — 6 (6)

constitutes the logarithmic-hodograph plane.

In Fig. 1, points A and B are at infinity and are at sections
of uniform flow. At points C and E, the water is assumed to
separate from the planing surface. Point D is a stagnation
point where the flow arriving from A divides such that part
of it passes under the tire to B, and the remainder streams
off toward F. By neglecting effects of gravity, point F
theoretically is at infinity. The velocity on the pavement
reaches its minimum value at point G. At points A, B,
and F, the fluid velocity is the jet velocity U. In Fig. 2
the velocity potential ¢ is arbitrarily assigned a value of 0
at point D. The stream function is assigned a value of 0 on
line AB. The values of w at the other points are self-explana-
tory.

The hydrodynamic problem is one of free streamline flow
with a curved boundary. Because of the curved planing
surface the line CDE is curved in both the hodograph and
logarithmic-hodograph planes. The curved lines preclude
the use of the Schwartz-Christoffel theorem. For this rea-
son, the hodograph planes are not used directly in the theory.
A different approach is used based on the fact that all analytic
functions of a complex variable satisfy Laplace’s equation.
The function

Q = In¢ = In(V/U) — 4 @)

is analytic if only the single-valued part of the In function
isused. Itfollows then that

V25 = (0%/0z%) + (9%6/0y%) = 0 (8a)
and
..V ofin(V/0)] | o*ln(V/U)]
\v4 an = 5o o =0 (8b)

The two equations actually constitute a boundary-value
problem for & and/or In(V/U) in the 2z plane. Inasmuch as
the location of the free streamlines is not known a priori, the
problem is not simplified. As the w plane is comprised of
straight lines, it would appear to be more suitable to solve

(2%/0¢% + (9%/0¢%) = 0 (92)
and
2[n(V/T)] | 2M(V/U)]
06" opr =0 (9b)

The boundary conditions for § in the w plane are shown in
Fig. 3. The boundary condition on line AB is simply 6 = 0.
The Cauchy-Riemann conditions relating é and In(V/U) in
the w plane are

26 dln(V/U)]
W = —rf) (10&)
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Fig.3 Boundary conditions for § in w plane.

and

26 2/
o0 Y

When these relationships are used, the boundary condition on
free streamlines AFE and BC becomes 06/0¢ = 0 as In
V/U = 0. On the curved planing surface CDE, § is assigned
an arbitrary function. The boundary-value problem shown
in Fig. 3 is still somewhat untenable, as the boundary condi-
tions on lines DCB and DEF are mixed. The problem of
mixed boundary conditions on a straight line can be allevi-
ated, however, by transforming the boundary-value problem
in the w plane into a rectangular plane for which the boundary
conditions are homogeneous.
The rectangle plane is defined by

wi = ¢ + 1 (11)

in which w; is an analytic function. The boundary-value
problem is one of a solution to

(0%6/0¢12) 4 (0%/041%) =0 (12a)

(10b)

and

o' n(V/U)] | o*n(V/U)] _
O, dyYr? o

The wy plane is shown in Fig. 4. Inasmuch as both the w
plane and w; plane are polygonal, the Schwartz-Christoffel
theorem may be used to join them by means of an intermedi-
ate plane. This plane, the ¢ plane, is shown in Fig. 5. Points
A, B, and E are located in the ¢ plane at fixed values of 0, 1,
and infinity, respectively. Points F, C, and D are assigned
variable values of —a, £, and b, respectively. If {. is assigned
the value of 1/k? in which £ is the modulus of Jacobian elliptic
functions, the ¢ plane can be mapped into the w; plane in
terms of elliptic functions. From Byrd and Friedman?®

w = (1/K)sntt]12 13)

in which K is the elliptic integral of the first kind, and sn is
the sine-amplitude function of Jacobi. The inverse relation-
ship

0 (12b)

i = sn?[Kwy, k] = sn?[Kw] : (14)

The value of ¢15 is unity. The value of ¥, on EDC is K'/K,
in which K’ is the complementary elliptic integral of the first
kind. The location of point F in the ¢ plane is expressed by

= —sn?[iKyir] (15)
" (o)
D § = ¢1
E : £ c
F < /86/3451 =0
aé/aq;l = 0/
A
s =0’ B 4

Fig. 4 w, plane.
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For point D

1

b= k2sn? (K]

(16)

The w plane can be connected to the ¢ plane in lieu of the
Schwartz-Christoffel theorem through the use of the source
and sink concept. Consider a source of strength UD/m at
point A, a sink of strength Ud/% at point B, and a sink of
strength U(D — d)/m at point F. The resulting complex
potential

UD UD

w=—1nt———ln(t—l)—m
T T T

In(t +a) + B
(a7

in which B is a complex constant.

The boundary-value problem for § in the w, plane is shown
in Fig. 4. From the technique of separation of variables
and the theory of Fourier series, é is obtained as a function
of ¢ and Y1. From the Cauchy-Riemann equations, In
(V/U) is then obtained in terms of ¢; and ;1. The resulting
funetion :

Q= Q) = In(V/U) — 16 (18)
And, since v
T e S U
Q—ln[U dz]—ln[U dun dz:'
dz = (1/U)e~2(dw/dw,)dun (19)

The resulting curved shape is determined from Eq. (19), in
which Q is obtained from the boundary-value solution and
dw/dw, from the conformal mapping relationships. The
boundary condition on § on lines AFE and BC in the w; plane
is 06/0¢; = 0 as n(V/U) = 0. On line AB, § = 0. On
line CDE, § is specified in terms of an arbitrary function
f(¢1), which has a step discontinuity at D by a value of .
In terms of a continuous function g(¢,),

[fl@)len = 7 — gldn) (20)
[f(#1) Joe —g(év) (20b)

From the theory of Fourier series, the solution for 6 in the
w; plane can be expressed by

Il

I

K i .
6 = AOE,- Y1+ Y A.sinhnry, cosnme, (21)

n=1

in which the coefficients

0= [ s@0do (220)

and
K/
An<sinhmr f> =2 fo ' 1(60) cosnmduddr  (22D)

The harmonic conjugate is easily determined by inspection
to be in the form
v K il .
In- = —Ay—; ¢ — > A, coshnmj, sinnwgy  (23)
U K n=1
In order that the value of In(V/U) is zero on both lines AFE
and BC, the coefficient 4o must be 0. This requirement re-

Fig. 5 t or intermediate plane.
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stricts the location of point D in the w; plane in terms of the
function f(¢1). Several functions were chosen for g(¢;) to simu-
late a hydroplaning tire. The one that proved to be most
satisfactory is expressed by

g9(@) = (/o) [N — sin(r/2)¢1] (24)

in which ¢ and A\ are arbitrary constants. This function gives
a convex shape from C to E. At point C the water exits at
an angle

~[A = V/olx (25)

In order that éc will always have a negative value, the value
of N must be greater than unity. At point E

= (w/o)(c = N) (26)

For realistic planing surfaces, the parameter ¢ should be
greater than 2. The coefficients

Ay = wpip — — <)\ — 2) (27a)
o T
and
. P
A, SinhnrK'/K) = Py sinnTdp —

4/0) [1/(@n* — 1)1 (27b)

Because the coefficient 4, must vanish,

¢ = (1/0) [N — (2/m)] (28)

By defining Jacobi’s nome,
q = exp[—m(K'/K)] (29)
sinh[nr(K'/K)} = 3{g—™ — q*] (30)

The final solution for  is

Q——4Z

n=1

- sinnwdip sinnmTw; -+
g™ sinnmrw;

B o ey

n=1

G2y

The first infinite series in Eq. (31) can be readily expressed
in terms of theta functions,® such that

GUQM — K¢m]4_
No— s
E”le+'K¢m]
ERE v
e 2 @ = 1) = ¢

n=1

Q =

sinnrw; (32)

From Eqs. (14) and (17)

dw _ ok & Ub |:b — sn2(Kw1)jl[

dw, b 7 La+ sn2(Kw)

dn(Kwy)
sn{Kw)cn (le)jl (83)

in which ¢n is the cosine-amplitude function and dn the delta-

Table 1 Results of theory

Yir = 0.9K'/K

2 e N UD WD & Ci
1-10-» 3 1.01 4.1 0.15 107°  0.53
1-107 4 1.20 4.6 0.19 113°  0.61
1-10-® 4  1.20 4.7 0.11  114°  0.62
1-10-% 6 1.10 7.8 0.24 130°  0.74
-10-5 6 1.10 7.9 0.12 131°  0.80
110 6 1.20 5.9 0.43 125°  0.67
1-10-» 6 1.20 6.9 0.21 128°  0.76
i-10-% 6 1.20 7.2 0.06 129°  0.80
1-10-» 6 1.20 7.2 0.04 130° 0.8l
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2. 20
p K =1-1077, yp = 0.9
S = 1840, 5, = -6°
5. = 130° , /D = 7.1
£ , .
€, =0.80, Cy=0.44

e O

h

Fig. 6 Hydroplaning (incipient) for curved surface de-
seribed by sine-function (h/D = 0.04).

amplitude function of Jacobi. The Jacobian elliptic func-

tions of Eq. (33) can be expressed in terms of eta and theta
functions.? Equation (19) can then be expressed by

:] 2 bkOX(Kwy) — H(Kwy)
d[ﬁ] K {[akez(fxwl) + H2(Kw1)] ~

[emwoel(KwO][ <KwI+K¢‘D>}}-G<wl>dwl (34)

H(Kw)Hi(Kwy) ] O(Kwi — K¢w)

in which

Z nt = 1%21 peny sinmrwl} (35)

n=1

Gw) = exp{

The function G(w) actually represents the curvature of the
planing surface, as it can be shown that the multiplier on it
in Eq. (34) is the exact solution for a flat plate that is aligned
at an angle § with the approaching jet. In this instance
¢1D = 0 / 7.

The actual shape of the curved planing surface as well as
the other streamlines is obtained upon numerical integration
of Eq. (34) for various values of the elliptic parameters and
the other mathematical quantities. For the assumed func-
tion g(¢1), the quantities that can be varied are k, ¥yr, o,
and A. Upon varying these quantities, the clearance-to-
depth ratio h/D, the curved-length-of-plate-to-depth ratio
/D, and the angles 8¢ and &g can be varied. The shape of
the curved surface varies only slightly as these parameters
are varied. In order to achieve realistic values for I/D, the
elliptic modulus % had to approach unity and ¥:r had to be
greater than approximately 0.7 K’/K. Values of the physical
quantities are listed in the table below for various values of
the mathematical parameters.

Comparison with Experiment

The results of the theory can be compared with existing
experimental results in terms of the lift forece on the tire as
well as the pressure distribution on the pavement. The lift
force is defined by

Fp = CLA(U%/2) (36)

in which Cj, is the lift coefficient, 4 is a characteristic area,
and p is the mass density of the water. For the two-dimen-
sional theory the area is defined as simply I, the total length
of the curved planing surface. Values of Cr are also listed
in Table 1 for the planing surfaces studied. It is noted
that as the clearance % is increased, the lift coefficient de-
creases, as less fluid has its momentum changed. The lowest
value of /D nearly corresponds to the condition of incipient
hydroplaning. The resulting curved planing surface for this
particular value of 4/D is shown in Fig. 6. The curved sur-
face CDE is meant to simulate only the wetted portion of a
tire undergoing hydroplaning. FEven though the planing
surface CDE does not appear to simulate precisely a tire in
terms of shape, it will be shown that there is definite similarity
in hydrodynamic behavior between the two.
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2 14 0.9

» VoF T
- - _fO
sp = 1440, 5, = <6

kS =1- 10"

/=72, g = 129°

CL =0.76 , CD =.0.39

a) Theoretical

TIRE
LEAD}J“SE??%A??C . TRAILING EDGE OF TIRE

CONDITIONS UNDER STATIC

CONDITIONS
\ l/ 0

b) Experimental (Under Center Groove)

Fig. 7 Pressure distribution on runway.

In analyzing their experimental results, Horne and Dreher
represented the characteristic area 4 by the actual static
footprint area and U by the translational velocity of the
wheel at the condition of incipient hydroplaning. They
used the approximation that the load on the wheel is equal
to the tire-inflation pressure p: times the static footprint
area. For incipient hydroplaning, the lift coefficient can be
computed from test results since

D:
pU%/2

@37)

Crs

It is not apparent that Cr: should be a constant for all tire
inflation pressures and water depths because of an obvious
dependence of the flow pattern on these quantities. In any
event, however, Horne and Dreher found for tests covering
ranges of tire-inflation pressures from 24 to 150 psi, of
vehicle speeds from 45 to 120 mph, and of vehicle loads
from 925 to 22,000 lb, that Cr; >~ 0.7. In none of their tests
was there any effect of viscosity or lubrication.

It is interesting that the theoretical lift coefficient for in-
cipient hydroplaning is 0.8 even though the characteristic
areas in Eq. (36) are not identical for theory and experiment.
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It is believed, however, that the area based on the wetted
length of the theoretical planing surface is not unlike the
static footprint area used in the analysis of the experimental
results. Horne and Dreher show that the actual effective
area of the runway which is subject to significant water pres-
sures is essentially equal to the static footprint area. Only
if the wetted area of the planing surface is identical to the
static footprint area are the lift coefficients similarly defined.
Assuming that this similarity actually exists, it is not sur-
prising that the lift coefficient for incipient hydroplaning
is greater for the two-dimensional theory than for experiment.
The finite width of tire actually precludes a uniform pressure
distribution completely across the tire.

By comparing the pressure distribution on the runway
obtained from theory and experiment, the theory can be
further tested. The pressure coefficient is defined from
Bernoulli’s equation

— V 2
C, = ?;Uz/g“ =1- <[7) (38)

Since the only stagnation point in the flowfield is at point
D on the curved surface, C, < 1 on the runway. The ve-
locity in Eq. (38) is determined from Eq. (32) for each point
along line AB. For a planing surface undergoing total
hydroplaning, the theoretical pressure distribution is shown
in Fig. 7. The horizontal coordinate is in terms of the initial
water depth, or z/D. The corresponding experimental
pressure distribution* for a grooved tire undergoing total
hydroplaning is also shown in Fig. 7. The pressure was
measured by means of a pressure transducer mounted in the
center groove. The two curves were not superposed as there
is no apparent way to reference the coordinates of the theo-
retical surface to the static footprint extremities of the actual
tire. The maximum magnitude of C, of 0.99 from theory and
0.91 from experiment indicates that the tire actually pos-
sessed a greater clearance than the planing surface. The
theory cannot explain the measured negative pressure in
front of the tire. The similarities of the pressure distribu-
tion displayed in Fig. 7 further substantiate the fact that the
planing surface represented by the theory behaves hydro-
dynamically similarly to the planing surface of a pneumatic
tire.
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